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Abstract. Let ipbe a linear-fractional, non-automorphism self-map of D that 
fixes ( £ T and satisfies i//(C) ^ 1 and consider the composition operator C v 
acting on the Hardy space H 2 (D). We determine which linear- fractionally- 
induced composition operators are contained in the unital C*-algebra gener- 
ated by Cip and the ideal K. of compact operators. We apply these results to 
show that C* (Ctp,K.) and C*(J^), the unital C*-algebra generated by all com- 
position operators induced by linear-fractional, non-automorphism self-maps 
of D that fix f , are each isomorphic, modulo the ideal of compact operators, 
to a unitization of a crossed product of Co([0, 1]). We compute the K-theory 
of C* (C v , /C) and calculate the essential spectra of a class of operators in this 
C*-algebra. We also obtain a full description of the structures, modulo the 
ideal of compact operators, of the C*-algebras generated by the unilateral shift 
T z and a single linear-fractionally-induced composition operator. 



1. Introduction 

For any analytic self-map p> of the unit disk B, one can define the composition 
operator C v : f M> / o cp, which is a bounded operator on the Hardy space H 2 {p). 
In recent work, several authors have investigated unital C*-algebras generated by 
linear-fractionally-induced composition operators and either the unilateral shift T z 
on H 2 (B) or the ideal K of compact operators on iJ 2 (B) [m[H[22nll] ' The ke y 
goals of this line of research are to describe the structures of these C*-algebras, 
modulo the ideal of compact operators, and to use the structure results to determine 
spectral information for algebraic combinations of composition operators. This 
approach to studying composition operators is motivated, in part, by the well- 
known results for the shift algebra C*(T Z ) that use a similar approach to determine 
spectral properties of Toeplitz operators with continuous symbols [5J[TU] ■ 

If ip is a linear- fractional map, then C v is a compact operator on H 2 {J3>) if and 
only if Halloo := sup{|9?(z)| : z G B} < 1. If (p is an automorphism of B, then, by 
the work of Jury, C*{T Z1 C V )/K, is isomorphic to a crossed product C*-algebra of 
the form C(T) x a Z, if ip is of infinite order, or the form C(T) xi a Z/qZ, if ip is of 
finite order q [16] . Here T denotes the unit circle, and the action a comes from the 
map <p. Moreover, if G is a discrete, abelian group of automorphisms of B, then 
C*(T Z , {C v : <p S G})/1C is isomorphic to a crossed product of C(T) by G [15]. 

If \<p\ \oo = 1 but ip is not an automorphism of B, then the structure of the unital 
C*-algebra generated by C v and either T z or K depends on the configuration of the 
fixed points of ip. There are three possibilities [71129]: 



Date: May 25, 2012. 

2000 Mathematics Subject Classification. Primary 47B33; Secondary 46L80, 47A53, 47L80. 
Keywords: Composition operator, Hardy space, C*-algebra, Toeplitz operator, Fredholm 
operator. 

1 



2 



KATIE S. QUERTERMOUS 



(1) ip fixes a point ( £ T and has no other fixed points, i.e. <p is a parabolic 
map. 

(2) ip fixes a point ( EE T and has an additional fixed point in C U {oo}. 

(3) cp has no fixed point in T. In this case, there exist distinct points Ci V £ T 
with cp(Q = rj. 

One can distinguish between the first two cases by the value of <p'(()- In both cases, 
f'iC) > 0, but ip is parabolic if and only if (p'(() = 1. Kriete, MacCluer, and 
Moorhouse have studied C*-algebras related to non-automorphisms of the first and 
third types. If ip is a parabolic, non-automorphism self-map of D, then JC C C*(C V ), 
and C*(C v )/fC is isomorphic to C([0, 1]) [24]. For a non-automorphism p of the 
third type, C*{T Z ,C V )/K, is isomorphic to a C*-subalgebra of C(T) © M 2 (C([0, 1])) 
[22] . A related description for C*(T Z , C Vl , . . . , C Vn )/IC under certain conditions on 
the boundary points Ci, . . . , Cn and T)i,...,r) n was obtained in [23]. We note that, 
in general, the work on the non-automorphism cases has used different techniques 
than those employed in the automorphism setting. 

In this paper, we consider the second non-automorphism case. More specifi- 
cally, we investigate the unital C*-algebras C*(C V ,/C) and C*(C Vl , . . . , C Vn , fC), 
where tp, ipi, . . . , ip n are linear-fractional, non-automorphism self-maps of D that 
fix C G T and have a first derivative at ( that is not equal to 1. We also study 
the C*-algebra C*(J-"c), where J-j is the collection of all composition operators in- 
duced by linear-fractional, non-automorphism self-maps of D that fix the point £. 
Our arguments make extensive use of known results about various types of linear- 
fractionally-induced composition operators, including automorphism-induced com- 
position operators. We include a collection of these results, along with basic facts 
about crossed product C*-algebras, in Section [2] 

In Section [3] we determine which linear- fractionally-induced composition opera- 
tors are contained in C* {C v , /C). As a part of this work, we show that, for all £ £ T, 
C*(J^) is equal to the unital C*-algebra generated by K, and the collection of all 
composition operators induced by linear-fractional, non-automorphism self maps of 
D that fix £ and are not parabolic. 

We then apply these results in Section |4] to identify C*(J^), C*(C V ,/C), and 
C*(C Vl , . . . , C lfin , JC) as subalgebras of C*-algebras generated by composition oper- 
ators induced by parabolic, non-automorphism self-maps of D and unitary operators 
induced by automorphisms of D. We prove that these larger C*-algebras are iso- 
morphic, modulo the ideal of compact operators, to crossed products of C([0, 1]) 
by discrete groups. By studying the images of C*(J r ^)//C and C*(C V ,JC)/K, un- 
der these isomorphisms, we obtain our main structure results, which demonstrate 
that these C*-algebras are each isomorphic to a unitization of a crossed product of 
Co([0, 1]) by an appropriate discrete group. Here, Co([0, 1]) denotes the collection 
of all continuous functions on [0, 1] that vanish at 0. We also obtain a similar the- 
orem for C*{C Vll . . . ,C V ,JC)/fC under a reasonable assumption on the values of 

^(C),--.V„(C)- 

In Section[5j we use the crossed product structure of C*(C V , /C)//C to determine 
the K-theory of C*(C Vl K,) and show that the Fredholm index of every Fredholm 
operator in C*(C ¥ ,,/C) is zero. We also calculate the essential spectra of operators 
in this C*-algebra having a specific form. 

Finally, in SectionE] we determine the structure of C*{T Z , C V )/IC, where (p is a 
linear-fractional self-map of D that fixes a point ( e T. We combine these results 
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with the work of Jury [16] and Kriete, MacCluer, and Moorhouse 22, 24 to obtain 
a full description of the structure of C* (T Z ,C V )/JC for any linear-fractional self- map 

2. Preliminaries 

2.1. Operators on iJ 2 (B) and Relations Between Them. The Hardy space 
of the disk, .ff 2 (B), is the space of all analytic functions /onB whose power series 
f( z ) = E,^Lo a « 2 " satisf y 

OO 

ii/Hh=(d) — i°"i 2 < °°- 

n=0 

All operators in this paper will act on £f 2 (B). If A is a bounded linear operator 
on iJ 2 (B), we will denote the coset of A in the Calkin algebra B(H 2 (B>))/]C by [A]. 
For more information on the Hardy space, see [11] and |14) . 

If the linear-fractional map ip{z) — (az + b)/(cz + d) takes the unit disk into 
itself, then the Krein adjoint of (p, which is defined by 

a(z) = <j v (z) = , 
—bz + a 

is also a self-map of B. If ip is not an automorphism of B and <p(() = rj for some 
C, r\ 6 T, then 17(77) = £, |cr'(?7)| = |(p'(£)| _1 , and a is not an automorphism of D. 
Moreover, if ip is a linear-fractional, non-automorphism self-map of B that maps 
( £ T to a point in T, then, by [23] Theorem 3.1], there exists a compact operator 
K such that 

(2.1) c; = \<p'(or l c a + K. 

Although our work in motivated by an interest in maps that are not parabolic, 
we will make extensive use of parabolic-induced composition operators. Every 
parabolic, linear-fractional self-map of B that fixes the point ( G T has the form 

, . (2 - a)z + aC 

— aQz + (2 + a) 

for some a 6 C with Re a > 0. The map p^^ a is an automorphism of B if and 
only if Re a = 0. The number a is called the translation number of pQ, a since 
PQ t a is conjugate to translation by a on T := {z 6 C : Rcz > 0} via the map 
z U (C + z)/{C - z). For ( E T, we let P c := {C P( a : a G T} denote the set of 
all composition operators induced by parabolic, non-automorphism self-maps of B 
that fix £. The structure of the unital C*-algebra generated by P^, modulo the 
ideal of compact operators, is described by the following theorem: 

Theorem 2.1. [24j Theorem 3] Let ( G T. Then K C C*(P C ), and there is a 
unique * -isomorphism : C([0, 1]) — > C* (J? q) / K, such that r^(a; a ) = [C Pc a ] for all 
a G T. Moreover, if p is any parabolic, non- automorphism self-map of B that fixes 
C, then C*{C P ) = C**(P C ). 

The next theorem explains two important relationships between the parabolic, 
non-automorphism self-maps of B and the linear-fractional self-maps (p of B that 
satisfy ||^||oo = 1- 

Theorem 2.2. |23[ Proposition 1] Suppose ip is a linear-fractional self-map o/B 
that satisfies tp(£) = 77 for some C, T) G T, and let a be its Krein adjoint. 
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(1) If if is not an automorphism o/D, then there exist unique, positive numbers 
b and c such that p^.biji) = <p(B) and ^ jC (D) = er(B). Moreover, ip o a = 
p v ,2b and a o ip = p£,2c- 

(2) IfaeTora = 0, then 

CfC Pria = c PtAv , ma c v . 

If ip is an analytic self-map of ID, we denote by XJ V the partial isometry that 
appears in the polar decomposition of C v . If p is a linear- fractional map, then U v 
is a unitary operator. 

For every function / £ if 2 (B), the radial limit /(e) := lim^o fire 10 ) exists 
almost everywhere on T, and one can view 7J 2 (B) as a subspace of L 2 (T). Let 
P denote the orthogonal projection of L 2 {T) onto H 2 (D). If a e L°°(T), the 
Toeplitz operator T g is defined on H 2 (D) by T g f = Pgf for all / e H 2 (B). It 
is a well-known result that C*(T Z ) = C*{{T f : f e C(T)}) and C*(T X )/K is 
isomorphic to C(T) [9j[T0]. There exists a vast literature on Toeplitz operators 
(see, for example, 6, 12, 13 ), and we refer the reader to those sources for more 
information. 

We will use Toeplitz operators and unitary operators U v induced by automor- 
phisms to write the cosets of composition operators induced by non-automorphisms 
in forms that reveal the underlying structures of the C*-algebras under considera- 
tion. The following two results will be especially important in our investigations. 

Theorem 2.3. |22j Suppose p is a linear- fractional, non- automorphism self-map 
o/D that satisfies <p(C) = C f or some ( G T. IfwG C(T), then there exists compact 
operators K\ and K2 such that 

C V T W = T W C V + K x = w{()C v + K 2 . 

Theorem 2.4. [E1H5] Suppose 7 is an automorphism o/B. 

(1) There exists a compact operator K such that 

U-f = T w-i C 7 + K, 

where w y (z) = y/l - 1 (0) | 2 / 1 1 - T T {0) Z \ for all z 6 T. 

(2) If 71 is also an automorphism of ID>, then there exists a compact operator 
K' such that 

2.2. Crossed Product C*-algebras. We recall here the definition of a crossed 
product C*-algebra. We restrict our attention to the case of a discrete group G. 
For the general case, we refer the reader to [3Tj . 

If A is a C*-algebra, let Aut(^4) be the group of all ^-automorphisms of A. If a 
map a : G — > Aut(*4), acting by s n> a s , is a group homomorphism, then we say 
that a is an action of G on A, and the triple (A, G, a) is called a C*-dynamical 
system. 

To build a crossed product from the C*-dynamical system, we consider C C (G, A), 
the collection of all finitely-supported functions from G to A. Each function / in 
C C (G, A) can be written as f — ^2 seG A s x s , where A s G A for all s e G, A s = 
for all but a finite number of values of s, and % s is the characteristic function of 
{s}. Addition on C C (G, A) is defined pointwise, and the product and involution are 
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given by the formulas 



teG / VseG / sec \reG / 
and 

[E^] =E a *(A*-0x t 

VteG / teG 



Under these operations, C C (G,A) is a *-algebra. 

A covariant representation of (A, G, a) is a pair (-7T, W) consisting of a represen- 
tation ir : .4 — > £?(%) and a unitary representation W : G — > B(H), s H> W a , that 
satisfy 

(2.2) 7r(a s (A)) = W s7 r(A)W; 

for all s £ G and 4 e A Given a covariant representation (ir,W), the integrated 
form 7r x W of (7T, W), which is defined on G C (G,.A) by 

(^xtu) (E^xJ =E 7r ( As ) W ' s ' 

Wg / seG 

is a representation of G C (G, „4) on The universal norm on C C (G,A) is then 
defined by 

ll/H := sup{||(-7r x W)(/)|| : (n, W) is a covariant representation of (A,G,a)} 

for all / G C C (G,A). The completion of G C (G,.4) in the universal norm is the 
crossed product C*-algebra A x Q G. 

In this paper, we will consider C*-algebras of the form C*(A,{W S : s G G}), 
where „4 is a unital C*-subalgebra of for some Hilbcrt is a discrete, 

amenable group, and s h-> G B{%) is a unitary representation of G on the same 
Hilbert space that satisfies 

(2.3) WsAW* = A 

for all s G G. Given such a C*-algebra, we can obtain a C*-dynamical system 
(A, G, W) by defining the action W of G on A by 

(2.4) = W S AW* 

for all s G G and 4. G A. While the existence of a *-homomorphism from A x ^ G 
onto G*(„4, {W^ s : s G G}) is guaranteed (see, for example, [26l Theorem 7.6.6]), 
the two C*-algebras need not be isomorphic. Several authors have determined 
conditions under which an isomorphism exists [l][T7l[T8] . Although the approaches 
of these authors differ slightly for noncommutative C*-algebras, they coincide in 
the commutative case. In the following, we restrict our attention to the setting of 
a commutative C*-algebra A. 

Let M(A) be the collection of all non-trivial multiplicative linear functionals on 
A. The group G is said to act topologically freely on A by the automorphisms W s 
if, for every finite set G G G and every nonempty, open set V G M(A), there 
exists 7r G V such that ir o W s -i ^ it for all s G Go \ {e}, where e is the identity 
element of G. We are using the weak-* topology on M(A), but it is possible to use 
a weaker topology in this definition. 
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We can now state the following theorem that is the commutative version of 
Theorem 1 in [17] and Corollary 12.16 in [TJ. 

Theorem 2.5. Let A be a commutative, unital C* -algebra in B{%). Let G be 
a discrete, amenable group with a unitary representation s \— > W s G B('H) that 
satisfies 12.3]) . Define the action W of G on A by \2.4\j . 

If G acts topologically freely on A via the automorphisms W s , then C*(A, {W s : 
s G G}) is isometrically ^-isomorphic to *4x^G . The isomorphism A : „4x^G — > 
C*(A, {W S : s G G}) is defined on C C (G,A) by 

(2.5) a(j2 a ^) = E a ^ s . 

If A and G satisfy the conditions above and A is a separable C*-algebra, then 
the invertibility of operators in C*(A, {W g : g G G}) is often investigated using a 
method called the trajectorial approach. For each multiplicative linear functional 
7r G M(A), define a representation 7V of C*(A, {W s : s G G}) on £ 2 (G) by 

(2.6) fa(A)h)(a) = n(W s (A))h(s) (T n (W So )h)(s) = h(ss ). 

The invertibility of B G C*(A, {W s : s G G}) is then determined by the invertibility 
of its images under these representations in the following way: 

Theorem 2.6. p] Theorem 21.2] Let A, G, and W be defined as in Theorem 
\2.5\ and suppose that A is separable and G acts topologically freely on A via the 
automorphisms W s . Then an element B G C*(A, {W s : s G G}) is invertible if and 
only if TfflB) is an invertible operator on £ 2 (G) for all ix G M(A). 



3. Linear-fractionally-induced Composition Operators in C*(C v ,K.) 

To begin our investigation of the unital C*-algebras generated by the compact op- 
erators and composition operators induced by linear-fractional, non-automorphism 
self-maps tp of D that fix a point £ G T, we determine which linear-fractionally- 
induced composition operators are contained in G*(G ¥ ,,/C). Our arguments utilize 
two known lower bounds on the essential norm of a linear combination of compo- 
sition operators on iJ 2 (B). 

If (p is an analytic self-map of D, we set J{f) := {a G T : |<^(a)| = 1} and define 
F(ip) to be the set of all points a G T at which tp has a finite angular derivative. If 
ip is a linear- fractional map, then F(ip) — J((p), and the finite angular derivative of 
tp at a G F (tp) is simply tp'(a). Using this notation, we recall the following bounds. 
The first bound is a version of a result of Berkson [3] and Shapiro and Sundberg [30] 
that appears in [11] as Exercise 9.3.2. The second bound is Theorem 5.2 in [21] . 

Theorem 3.1. Let tpi,...,tp n be distinct analytic self-maps o/D and c±, . . ., c n G 
C. Then 

1 ™ 

(3-1) \\ Cl C Vl +... + c n C v X > ^ E NVfeOI' 
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where \J(tpj)\ denotes the Lebesgue measure of J(ifj). In addition, 



(3.2) \\ Cl C Vl + ... + c n C Vn \\ 2 e > Yl 

(do,di)ex>i(C) 



E < 

(Vj(C),^(C))=(do,rfi) 



1 

W\ 



for all C £ T, where 2? X (C) := {(^(C).^(O) : 1 < J < »,C G 

We now apply these bounds to determine the form of all composition operators 
contained in C*(C V ,/C). The following lemma, and its proof, are modeled after 
Theorem 2 in [23]. 

Lemma 3.2. Let ip be a linear-fractional, non- automorphism self-map o/B wit/i 
</?(£) — C /or some ( e T. Suppose : B — > B is analytic, C^, £ C*(C V ,K,), and 
F(ip) is non-empty. Then either ij)(z) — z for all z £ B or -F(V0 = {C}; "0(C) = C> 
and "0'(C) = (y'CC))" /or some n £ Z. 

Proof. Let £ v be the collection of all maps £ that can be formed by composing 
copies of ip and a v . All maps £ £ C v are non- automorphism self- maps of B that 
satisfy £(£) = C, J{£) = F(£) = {(}, and £'(() = <^'(C)™ for some n £ Z. By fl23J, 
Q £ C*(C V ,1C) for all £ £ £ y , and every word in C<p and C* can be written as the 
sum of a compact operator and a constant multiple of a composition operator of 
this form. 

Suppose ip is not the identity map and ip £ C v . Let e > be given. Since 
£ C*(C V ,/C), we can find a constant c e £ C and a linear combination A e of 
composition operators induced by maps from C v such that 

|CV -A e -c e C z \\ e < e. 

Here, C z denotes the composition operator induced by the identity map on C, which 
is the identity operator on ff 2 (B). Then, by (|3.ip . 

e 2 >\\C^-A e -c e C z \\l> l -^- + \c E \ 2 . 

Thus, |c e | < e, and </(?/>) — since e was arbitrary. Hence 

(3.3) WC^-A^l < \\C 4 ,-A £ -c s C z \\ e + \\c £ C z \\ e <2e. 

Suppose A £ F(ip) with A ^ C- Then, for all e > 0, 

\\C 4 -A £ \\l > ^'(A)r 1 

by p.2|) . which contradicts f|3 . 3[) for sufficiently small e. Since F(ip) is assumed to 
be non-empty, F(ip) = {(}. 

Similarly, if ip'(Q ^ tp'(() n for all n £ Z or ^ ^(Q, then, for all e > 0, 

(3-4) H^-AHe^l^COl- 1 

by dH since (^(0,^(0) + WOJ'iO) for all £ £ £ v . For sufficiently small e, 
(|3.4[) contradicts (|3.3I) . which proves that tp(Q — <p(Q and ip'(() = </?'(C)™ for some 
n £ Z. □ 

We now restrict our attention to composition operators that are induced 
by linear-fractional maps. We first consider the parabolic-induced composition 
operators. 
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Lemma 3.3. If tp is a linear-fractional, non- automorphism self-map of B with 
= ( for some ( G T, then C**(P C ) C C*{C V ,K). 

Proof. As noted in Theorem l2.2l crop is a parabolic, non-automorphism self- map of 
D. By ()2.1j) . there exists a compact operator K such that C V C* = ((p'(0)~ 1 C lp C a + 
K. Hence C CTOp G C*(C V ,K,), and thus C*(P C ) C C*(C V ,IC) by Theorem O □ 

Note that this lemma implies that, for all (gT, C*(J" c ) equals C*((J" C \P C ), /C), 
the unital C*-algebra generated by /C and the collection of all composition operators 
induced by linear- fractional, non-automorphism self-maps ip of B that fix £ and have 

We now fully characterize the non-compact, linear- fractionally- induced compo- 
sition operators that are contained in C*(C V , /C). The proof follows the outline of 
the discussion preceding Theorem 7 in |24) . 

Theorem 3.4. Let ip be a linear-fractional, non- automorphism self-map o/B that 
fixes a point ( G T, and suppose ip is a linear-fractional self-map o/B that satisfies 
IIV'lloo = 1 an d Cy, 7^ /. Then £ C*(C V ,IC) if and only if ip(C) = C> ^'(C) — 
(ip'(C)) n f or some neZ, and ip is not an automorphism o/B. 

Proof. The forward direction is an immediate corollary of Lemma 13.21 For the 
reverse direction, suppose ip is a linear-fractional, non-automorphism self-map of 
B that fixes £ and satisfies '(/''(C) = v'(C)" f° r some n € Z. If n = 0, then C^, £ 
C7* (CV , £) by Lemma GL3 

If n £ N, consider the map <p n , the nth iterate of tp. If ^(B) C ip n (TD>), then we 
define p := ipoip^ 1 , which is a parabolic, non-automorphism self-map of B that fixes 
£. Thus, there exists a 6 C with Re a > such that p — p^ a . Then ?/> = p^ ia o ^j n , 
and CV = CJCp fia £ C*(C V ,JC). If p„(B) C ^(B), define p := ip n o ip- 1 . The map 
p is again a parabolic self-map of B, but, in this case, it can be an automorphism. 
Thus, p = p<^ t a for some a £ C with Re a > 0, and ip = p7~ o <p n = p^-a ° <£n- 
Since "0 is a non-automorphism self- map of B, Re a < o„, where o n is the unique 
positive number satisfying j0^.b„(B) = y n (B). The existence of b n is guaranteed by 
Theorem l2.2l Thus, regardless of the relationship between ip(D) and <p n (H>), we can 
write ip — pQ tC o tp n for some cGC with Rec > — b n . 

If Re a > 0, then, by applying (|2.1j) . Theorem 12. 2[ and the properties of *- 
homomorphisms, we obtain that 



By using the polar decomposition of C Vn and relabeling 2b n a as c, we find that, for 
Rec> 0, 



By the discussion in [22 Section 4.2], (<p\0) nc/{2b " ) U lp .n(C* n C Vn ) 1 ^ +c ^ 2b ^ £ 
C*(C Vn ,)C) for all c £ C with Rec > — b n . Applying the arguments used in [2"4] . 
one can easily show that [{f 1 {C,)) nc,[2K) U Vn (C^C^J 1 / 2 ^ 2 ^] and [C7 P{ieOPn ] 
are both holomorphic functions of c on {c £ C : Rec > — b n }. Thus, (|3.5|l holds for 
all c £ C with Rec > — 6„, which proves that £ C*(C V , K.). 

The proof for n < is similar with a taking the place of tp in the arguments. □ 



(3.5) 



] — \pfn^Pi,c\ — U v>n (C* n C v>n ) 1 / 2 C P(tC 

= \v\0) nc/{2bn) u v Jc; n c v J 1/2+c/{2b " ) 
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4. The Structures of C*(Jx), C*(C,p,K), and C*(C Vl ,...,C Vn ,K) Modulo 
the Ideal of Compact Operators 

For (6T and t > 0, we define the automorphism <tf >t of B by 

(t + l)z + (1 - t)C 



(4-1) * Cit (20 = 



(l-t)C2 + (l+*) 



Note that * C)t (C) = C, *c, t (C) = t, *", t (0 = (* 2 -*)C, and f^j(0) = C(*-l)/(*+l). 
Straightforward calculations show that, for all £ G T and ti,^2 > 0, 

(4-2) *c, tl o* C)t2 =* c ,tit a . 

so : i > 0} is an abelian group of automorphisms. The relationship between 

the composition operators induced by these automorphisms and the composition 
operators in J-^ is described by the following lemma and its proof. 

Lemma 4.1. Let ( 6 T. Then F c = {C P(a Cy (t : a G T,t > 0}. 

Proof. If a G T and t > 0, then o a is a linear-fractional, non-automorphism 
self-map of ID that fixes C- Thus, C Pc a C* c t G J-^ for all a G T and t > 0. Note 
that (*t, t op Ci0 )'(C) =t. 

If <p is a linear-fractional, non-automorphism self-map of D that fixes then 
<^(C) > and a v := (<p"(C)C ~ </(C) 2 + v' {£)) I {£) has positive real part. This 
statement is clear for affine maps. For non-affine maps, it follows from the fact 
that every non-affine, linear-fractional self-map of U that fixes C and is not an 
automorphism of D has the form 

, v (i + y'(Q + <p'(Qd)z + (d- <AQ - v>(Qd)( 
^ {z > = TT^ 

Qz + a 

for some d G C with Re [(d — l)/(d+ 1)] > ip'(Q [Z|- It is easy to show that 
ip and ^^'(f) ° P(.a v have the same first and second derivatives at £. Since a 
linear-fractional map ip is fully determined by the values of 4>( z o), ip'(zo), and 
ip"(zo) for any zq G C with ip(zo) =/= oo, we obtain that tp = ^(;,ip>(Q ° Pc,a v and 
C v G {C PCia C* cV(c) „ :aeT in 6Z}C{C Wi .C f{i) :aGT,t>0}. " □ 

If a G T and i > 0, then, by Theorems 12 .31 and 12 .41 there exist compact operators 
K\ and -ft^ such that 

(4.3) C P(a C 9( t = C pt a T^ t +i)-^tf-i)z\ U^c.t + Ki =t 1/2 C P( a U-q, (tt + K 2 . 

2s/t 

Thus, for all Q G T, 

(4.4) C* (J- f ) = C* ({C PC;a C/* c , t : a G T,t > 0}) . 

If is a linear-fractional, non-automorphism self-map of D that fixes ( 6 T, then 
by Theorem 13.41 and the proof of Lemma 14.11 

(4.5) C* (C V ,K) = C* ({C„ cia 0* {tv , (t) » : a G T,n G Z}) . 

Similarly, if n G N and ip.\,...,ip n are linear- fractional, non- automorphism self- 
maps of D that fix a given point £ G T, then 

(4.6) c*(c vl ,...,c Vn ,jq 

= C* ({c P( ,U^ v , (c)mi <(<)mn : a G T, (mi, . . . , m„) G Z»}) . 
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The C*-algebras on the right-hand sides of (|4.4|) . (|4.5p . and (|4.6|) are subalgebras 
of C*-algebras of the form G*(P^, {?7 7 : 7 G G}), where G is an abelian group of 
automorphisms of D that fix the point (. In (|4.4|) . G = : i > 0}, which is 

isomorphic to R + , the multiplicative group of positive real numbers. In the setting 
of (|4~5)l . G = {* CiV '( C )>» : n G Z}, which is isomorphic to Z if <p'(Q ^ 1. For (|4T6t . 
G = {^c.^iCC)™ 1 •••¥>' (C) m ™ : ( TOl ' ■ • ■ > m «) e This group is isomorphic to Z" if 
ln(yi(C))) • ■ • i ^(VnCC)) are linearly independent over Z. 

4.1. The Structure of G*(P f ,{[/ 7 : 7 6 G})//C. Motivated by the preceding 
discussion, we will determine the structure, modulo the ideal of compact operators, 
of the unital C*-algebra generated by and {U 1 : 7 G G}, where G is an abelian 
group of automorphisms of D that satisfy 7(C) = £ for a given £ G T. We will 
show that this C*-algebra satisfies the hypotheses of Theorem 12.51 and is therefore 
a crossed product C*-algebra. The strategy employed in our arguments is similar to 
the one used by Jury in his investigation of the structure of C*(T Z , {U 1 : 7 G G}) 
[15] , The main difference is that the unit circle is replaced by the closed unit 
interval. The automorphisms in G are not, in general, self- maps of the unit interval, 
so G does not act on G([0, 1]) via composition. Hence the action of G that appears 
in the crossed product is more complicated in this setting. 

In the following, id denotes the identity map on C, and Gd is the group G with 
the discrete topology. 

Theorem 4.2. Let Q G T. and let G be a collection of automorphisms o/U that fix 
£. Suppose that G is an abelian group under composition and that 7'(C) 7^ 1 for all 

7 G G \ {id}. Define the action /3 : G d ->• Aut(G([0, 1])) by /3 7 (f)(x) := / (x^'^A 

for all 7 G G, f G G([0, 1]), and x G [0,1]. Then there exists a *-homomorphism 
uj : G*(P C , {U-y : 7 G G}) -> G([0, 1]) x,g G d such that 

0->)C^ G*(P C , {Uy : 7 G G}) ^> G([0, 1]) ^G^O 
zs a short exact sequence. 

Proof. We first note that G*(P ? , {C/ 7 : 7 G G})//C is the C*-algebra generated by 
C*(JPq)/IC and {[U 7 ) : 7 G Gd}- The map 7 i-> [J7 7 ] is a group homomorphism of 
Gd onto a group of unitary elements by Theorem 12.41 and the assumption that Gd 
is abelian. We want to apply Theorem 12.51 to this C*-algebra, so we need to show 
that 

(4.7) [u y ] (g* (p c )//c) \u;\ = C* (P C )//C 

for all 7 G Gd- 

For each 7 G Gd, the map /3 7 is a ^-automorphism of G([0, 1]) since 7'(C) > 0. 
It is straightforward to verify that /3 is an action of Gd on G([0, 1]). Let : 
G([0, 1]) -> C*(Pf)//C be the ^-isomorphism from Theorem 12. II We want to show 
that 

(4.8) [u 7 }r ( (f)[u;] = r c (^(f)) 

for all 7 G Gd and / G G([0, 1]). Since /3 7 is a *- automorphism of G([0, 1]) and 
is a ^-isomorphism, this will prove that (|4.7|) holds for all 7 G G<j. Moreover, (|4.8j) 
implies that, if we define the action W of G d on G*(P C )//C by W 7 (A) = [U 7 ]A[U*] 
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for all 7 £ G d and A £ G*(P C )/7C, then 

(4.9) it 7 or c = r c o p 1 

for all 7 £ Gd. 

We begin by considering functions of the form x a for a £ TU{0}. For all 7 £ G^, 

[(7 7 ]r c (^) \u;\ = [t/ 7 G PC , a [/ 7 *] = [t^g^c/*] 



G Pt,~,'(Oa. Tw -, C l U l 



r c (s-t'co) [ty/;]=r c (/? 7 G oo). 



The second and fifth equalities follow from Theorem 12.41 The third equality is by 
Theorem 12. 2\ and the fourth equality is a consequence of Theorem 12.31 Extending 
by linearity, we see that (I4.8[) holds for all 7 £ Gd and a dense collection of functions 
/ in G([0, 1]). Therefore, the relationship is true for all / £ G([0, 1]). 

Every non-trivial multiplicative linear functional on G*(P^)//C has the form ev x o 
r^ 1 for some x £ [0,1], where ev x denotes the linear functional on G([0, 1]) of 
evaluation at x. If 7 £ Gd and x £ [0, 1], then, by (|4.9[) . 

(ew x o T^ 1 ) o W" 7 -i = ev x o /3 7 _i o T^ 1 = a) j( y ({r i o T^ 1 . 

If x £ (0,1) and 7 £ G d \ {id}, then x^'^ 1 ± x and (eu x o V" 1 ) o W y -i + 
ev x o 1^ since 7'(C) 1- Thus, Gd acts topologically freely on C*(P^)/]C by 
the automorphisms W 1 . Hence, by TheoremESl G*(G*(P C )//C, {[[/ 7 ] : 7 £ G d }) 
is isometrically ^-isomorphic to G*(P^)//C G^. Since is a *-isomorphism 
between G([0, 1]) and G*(P C )//C and T c , W, and /3 satisfy gl]), G*(P C )//C x^ G d 
is isometrically ^-isomorphic to G([0, 1]) Xp Gd by Lemma 2.65 in [31]. □ 

If 7 is an automorphism of D that fixes £ £ T, let 7„ denote the nth iterate of 
7 if n > 0, the |n|th iterate of 7 _1 if n < 0, and the identity map if n = 0. Then 
G*(P C , C/ 7 )//C = G*(P C , {C/ 7n : n £ Z})//C and j' n (0 = (Y(0)" for a11 Thus, 
the following corollary is an immediate consequence of the preceding theorem. 

Corollary 4.3. Suppose 7 is an automorphism o/D that fixes a point £ £ T and 
satisfies 7 '(C) # 1. £>e/?ne i/ie acfiorc /3 7 : Z -> Aut(G([0, 1])) by PZ{f){x) := 

f (^x 1 ^ for all n £ Z, / € G([0, 1]), and a; £ [0,1]. TTien £/iere exists a *- 

homomorphism lj 1 : G*(P^, ?7 7 ) — >• G([0, 1]) x^Z sztc/i £/ia£ 

-> K ^ G*(P C , t/ 7 ) ^ G([0, 1]) xp, Z -> 
is a s/iorf exact sequence. 

We now consider C*-subalgebras of C*(Pq, {U 1 : 7 £ G}) of the form described 
in (1P1)-(14~6"1). 



Theorem 4.4. Let Q £ T, and let G be a collection of automorphisms of D f/ia£ 
/is; £. Suppose G is an abelian group under composition and that rf(C) 1 for all 
7 £ G \ {id}. Then the C* -algebra G*({[G Pc a t/ 7 ] : a £ T,7 £ G}) is isometrically 
^-isomorphic to the unitization of Co ([0,1]) Gd, where the action fj : G d — > 

Aut(G ([0, 1])) ts defined by /3 7 (/)(x) := / (a^'K)) for all 7 £ G d , / £ G o ([0, 1]), 

and x £ [0, 1] . 
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Proof. The action /3 from Theorem [42] satisfies /3 7 (G ([0, 1])) = G ([0, 1]) for all 
7 g G. Since Co([0, 1]) is an ideal in G([0, 1]), each /3 7 restricts to an automorphism 
of C*o([0, 1]), which is again called /3 7 , and /3 is an action on Co([0, 1]). 

Let iV G := {r c (/)[Ky] : / £ G ([0,1]), 7 g G}. For all a g T and 7 g G, 
r c (x a )[C/ 7 ] = [G PC a [/ 7 ] g G*({[G PCa C/ 7 ] : a g T, 7 g G}). Since finite linear 
combinations of the functions {x a : a g T} are dense in Go([0, 1]), C*(Nq) = 
C*({[C ft .„[/ 7 ]:aeT, 7 eG}). 

We want to show that the set Nq is closed under adjoints and products. Suppose 
/i,/2 g C ([0,1]) and 7 i, 72 g G. Then, by g^) and Theorem [tl 

(r c (/i) M* = [tv] r c (A) - r c (fl^ (a)) 

and 



Wi) [Kn] r c (/ 2 ) [t/ 72 ] = r c (A)r c (/3 71 (/ 2 )) [t/ 71 ] [t/ 72 ] 
= r c (/i/3 71 (/ 2 ))[f/ 72071 ] e^v G . 

Thus, if we define N' G to be the set of all finite linear combinations of cosets in No, 
then N' G is a *-subalgebra of G*(P 7 , {t/ 7 : 7 g G})//C, and C[7] + Af G is dense in 
G*(7V G ). 

Let A be the *-isomorphism from G([0, 1]) x^ Gd onto G*(P 7 , {U 1 : 7 g G})/K 
of form (|2.5p that was obtained in the proof of Theorem 14.21 For c g C and 

E 7eGo rc(/ 7 )[t/ 7 ]gA^, 

(A)- 1 (c[/]+ ^ r c (/ 7 )[[/ 7 ] =c X u + £ fe- 

\ 7SG / 76G0 

Thus, (A) -1 maps C[J] + 7V G onto Cx^d + G c (G d , G o ([0, 1])). Hence G*(AT G ) is 
isomorphic to the closure of Cxid + C c (Gd, Go([0, 1])) in G([0, 1]) xi^ Gd- 

By 0TJ Lemma 3.17], the closure of G c (G d , G o ([0, 1])) in G([0,1]) x G d is *- 
isomorphic to Go([0, 1]) x^ Gj, which is a non-unital C*-algebra since Go([0, 1]) is 
non-unital (see II. 10. 3. 9]). Therefore, the closure of C-Xid + C c (Gd, Go([0, 1])) is 
isometrically *-isomorphic to the unitization of Cq([0, 1]) x^ Gd- □ 

4.2. Structure Results for G*(J" C ), G*(G V ,/C), and G*(G yi , . . . , C Vn , K). We 
now apply Theorem 14.41 to determine the structures of C*{Fq), G*(G v ,/C), and 
C*(C lfil , . . . , G Vn , fC), modulo the ideal of compact operators, for all C g T and 
C v , C Vll . . . , C Vn g J-^. The following results are immediate consequences of The- 
orem [L4] and the discussion preceding Theorem 14.21 



Theorem 4.5. Let ( g T. Define the action /3 : R+ -> Aut(G o ([0, 1])) 6y 
Pt(f)(x) := f {x l ) for all f £ G o ([0, 1]), t g R+, and x g [0,1]. T/ien tfie C* -algebra 
C*(J r ^)/K is isometrically ^-isomorphic to the unitization o/Gq([0, 1]) x^Rj. 

Theorem 4.6. Let ( £ T, and suppose ip is a linear-fractional, non- automorphism 
self-map of D </iai satisfies ip(C) — C an d !• Define the action /3 V : Z — > 

Aut(G ([0,l])) by /8jf(/)(x) := / (V (c) ") for all f g G ([0,1]), n g Z, and 
x g [0,1]. XTien t/ie C* -algebra G*(G V , /C)//C is isometrically ^-isomorphic to the 
unitization 0/ Go ([0,1]) x^ Z. 
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Theorem 4.7. Let (£T and neN. Suppose (pi, . . . ,(p n are linear-fractional, non- 
automorphism self-maps o/D that fix Define the action /3' : Z™ — > Aut(Co([0, 1])) 

*>y P(m u -,m n )(f)( x ) :=/(^K) mi -^(O m ") for all f € C ([0, 1]), (m 1; ...,m„) 6 
Z™, and a; G [0,1]. // ln(y!' 1 (^)), hx(tp' n (^)) are linearly independent over Z 7 
then the C* -algebra C* {C tpi , . . . , C Vn , K.)/K, is isometrically ^-isomorphic to the 
unitization o/Co([0, 1]) X/3' Z". 

Although Theorem 14.61 is a special case of Theorem 14. 71 we list it separately due 
to the importance of the single operator case. 

5. K-THEORY AND SPECTRAL RESULTS 

In this section, we determine the K-theory of C* {C v , K.) and investigate the 
essential spectra of operators in this C*-algebra. These two parts are connected 
because the K-theory results determine the possible values of the Fredholm index 
for Fredholm operators in C*(C V , K.). 

5.1. K-theory. To compute the K-groups of C*(C V ,IC), we apply two cyclic, six- 
term exact sequences: the standard six-term exact sequence of K-groups that corre- 
sponds to any given short exact sequence of C*-algebras (see, for example, [351 The- 
orem 12.1.2]) and the Pimsner-Voiculescu exact sequence for crossed products by 
Z [27]. For more information about K-theory, we direct the reader to [4l[28]. 

Theorem 5.1. Let £ G T, and let ip be a linear-fractional, non- automorphism self- 
map o/D that satisfies <p(C) — C an d v'(C) 1- Then Kq(C* (C v , K,)) = Z©Z and 
Ki(C* (C v , K.)) = 0. Moreover, Kq(C*(C v ,K,)) is generated by and [F]q, where 
F is an arbitrary one- dimensional projection in K.. 

Proof. Let f3 v : Z ->• Aut(C o ([0, 1])) be the action defined in Theorem HU Since 
^o(Co([0, 1])) = ATi(Co([0, 1])) = 0, the Pimsner-Voiculescu exact sequence for the 
crossed product Co([0, 1]) Xpv Z has the form 

K o {C o ([0, 1]) Xf,» Z) . 



Xi(C ([0, 1]) Z) 

Thus, K (C ([0, 1]) x pv Z) S Ki(C ([0, 1]) Hp* Z) £* 0. 

Let C denote the unitization of Cq([0, 1]) x ^Z. By J35J Example 4.3.5 and Propo- 
sition 8.1.6], K Q (C) ^ X o (Co([0,l]) x^Z)®Z = Z and K t (C) S Ki(C Q ([0, 1]) x^ 
Z) = 0. Straightforward calculations show that iio(C) is generated by [Ic]o- By 
Theorem 14.61 there exists a short exact sequence 

— > /C — > C*(C V ,K) C — > 0. 

Since ifo(^C) — Z and Ki(IC) = 0, the six-term exact sequence corresponding to 
this short exact sequence is 

Z ^o(C*(C^,K)) ^Z 



0-« Ki(C*(C v ,/C)) ■* 
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All K-groups are abelian, and Z is a free abelian group. Hence, Kq(C* (C v , IC)) = 
Z©Z, and Ki(C*(C v ,K.)) = (see, for example, [25l Corollary 1.3.38]). The proof 
of Theorem 14.61 shows that co(I) = Ic- Since [Ic]o generates Kq(C) and Kq(K.) is 
generated by [F]q, for any one-dimensional projection F in /C, the generators of 
K {C*{C 9 ,K)) axe [I] and [F] . ^ □ 

By combining the fact that Ki(C*(C v ,JC)/K.) = with the connection between 
the Fredholm index and the K-theory index map [28l Proposition 9.4.2], we obtain 
the following result about the index of Fredholm operators in C*(C ¥ ,,/C). 

Corollary 5.2. Let ( 6 T, and let (p be a linear-fractional, non- automorphism 
self-map of B that satisfies <p(C) = C an d <p'(C) 1- Then the Fredholm index of 
every Fredholm operator in C*(C V ,1C) is 0. 

5.2. Spectral Results for Operators in C*(P^, £/ 7 ). Recall that if cp is a linear- 
fractional, non- automorphism self-map of B that fixes ( £ T and satisfies (p'(C) 1; 
then C*(C v ,K)jK is a subalgebra of a C*-algebra of the form C*(Pf , U 7 )/IC, where 
7 is an automorphism of B such that 7(C) = £ and 7'(C) 7^ 1- The C*-algebra 
C*(P C , U y )/JC satisfies the hypotheses of Theorem ETB1 by the proof of Theorem [OJ 
the discussion preceding Corollary 14.41 and the fact that C*(¥^)/IC = C([0,1]) is 
separable. Thus, we can apply the trajectorial approach to determine the invertibil- 
ity of elements in this C*-algebra. More specifically, b G C*(P^, [/ 7 )//C is invertible 
if and only if r x {b) is an invertible operator on £ 2 (Z) for all x G [0,1], where 
t x := r ev or -i is the representation of C*(V^, t/ 7 )//C on £ 2 (Z) defined according to 

(I2.6[) . By (|4.9[) . the representations r x have the form 

(5.1) (r x (T ( (f))h) (m) - / (x^ m ) h{m ) 

i T x{[U ln \)h) (to) =h{m + n) 

for all n, m G Z, h G f 2 (Z), / G C*([0, 1]), and .x G [0, 1]. 

Let {^jljez be the orthonormal basis of £ 2 (Z) that is defined by £,j(m) = 5j m 
for all j, m G Z. Applying (|5.ip . we see that if / G C([0, 1]), j, n G Z, and x G [0, 1], 
then 

T* (T C (/)[KrJ)^ = / (^' (c)i_ ") 

Hence, if 

AT 

(5.2) & = 2 r c (/ n )[[/ 7n ] G C*(P C , (7 7 )//C, 

n=M 

where M, N G Z and /„ G C([0, 1]) for all M < n < N, then, for all a; G [0, 1], the 
entries of the matrix of T x (b) with respect to the orthonormal basis are 

, r ox , n / >v I fi-i fa; 7 ' (c)lN ) , M < j -i < N 

(5.3) 7-^(6)^ = (t x = ^ ^ V /' " 

[ 0, otherwise 

We will denote this matrix by [t x (&)]. 

For all x G [0,1], [t x (&)] is a bi-infinite, finite diagonal matrix for which the 
limits \imi^± ao T x (b)i y i +n exist for all n G Z. Such operators are called discrete 
operators and have been studied by Karlovich and Kravchenko in their work on 
singular integral operators with a shift |19) . As Kravchenko and Litvinchuk have 
noted, one cannot expect to find efficient conditions for the invertibility of a general 
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discrete operator but instead must expect only algorithms for checking invertibility 
conditions that vary in effectiveness depending on the form of the operator 20, p. 
236]. Here, we present the algorithm from [19 in the context of the operators r x (b). 
If b is of form (|5.2[) . we define two functions 



N N 

(5.4) p bfi (z) = Yl ^ z ' n and = E W 1 ) 2 "' 

n=M n=M 

If 7'(C) > 1, set A+ := and A_ := 1. If < 1, then set A+ := 1 and A_ := 0. 
Since (A±) 7 ^' = \± for all n £ Z, [t\ ± (6)] is a Toeplitz matrix, and T\ ± (b) is 
unitarily equivalent to multiplication by Pb,\± on L 2 (T) via the unitary operator 
that sends £j to the basis vector er % & £ L 2 (T). Hence T\ ± (b) is invertible if and 
only if Pb,x± does not vanish on T. 

If x £ (0, 1), then, in general, [t x (&)] is not a Toeplitz matrix, so we need the full 
theory of discrete operators. If Pb.\ ± does not vanish on T, then we define Kb.\± to 
be the winding number of Pb,\± , as a function on T, around 0. If Hb,\ + — ^&.a_ = k, 
we define, for x £ (0, 1) and v, \x £N with v > fi, the operators 

TxQ>Y = [r x (b)i, j+K } v itj= _ u and r x (6)£ = [Tx{b)i,j+ K ] ideJu ^ 

where J U:fi = {—f, ■ ■ ■ , — /i, ll, . . . , v\. Notice that the entries on the mth superdiag- 
onal of T x (b) u are values of / m + re . 

We can now state the main invertibility theorem for discrete operators from |19] 
in the language of our setting. 

Theorem 5.3. |19[ Theorem 5.2] Suppose that 7 is an automorphism of D that 
fixes £ £ T and satisfies Y(C) 1 an d that b £ C*(F^,Uy)/JC has form &5.ty) . 
Define the polynomials Pb,x ± by J5.^[ ). Fix x £ (0, 1). If r x {b) is invertible, then 

(5.5) p b ,x ± (z) ^ for all z £ T 
and 

(5.6) K b ,\ + = n b ,\_. 

If \5. 5\) and \5. 6\) hold, then r x (b) is invertible if and only if there exists liq > 
such that, for all fx > liq, 

(5.7) Ux Jb) := lim f^if / 0. 

Note that, if (|5.5p and (|5.6p hold, then the existence of the finite limits 0J Xjfl (b) 
is guaranteed for sufficiently large fi. 

As we expected, condition (15.71) is, in general, difficult to check. Moreover, 
to apply it to determine whether an element b £ C*(Pf, C/ 7 )//C of form (|5.2p is 
invertible, we would need to verify (|5.7p for infinitely many values of x. While 
we cannot fully determine the spectrum of such an element 6, we obtain a partial 
spectral result as a corollary of the preceding theorem. 

Corollary 5.4. Suppose that 7 is an automorphism of D that fixes £ £ T and sai- 
is/ies 7'(C) 7^ 1 and that b £ C*(P^, J/ 7 )//C /10s /orm i5.S\) . Define the polynomials 
Pb.\± by |5.^[ ). Lei Wf, oe i/ie sei 0/ a/Z points zq £ C swc/i i/iai Ph,A ± (<z) 7^ -^o /or 
a/Z 2 £ T and pb.\ + and Pb,\_ have different winding numbers around zq. Then 

p b ,+(T)U Pb ,_(T) UWfc C a(b). 
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5.3. Spectral Results for Operators in C* (C V ,1C). Let ip be a linear-fractional, 
non-automorphism self-map of D that fixes a point ( e T and satisfies (p'(() ^ f . By 
(|2.f j) and Theorem l3.41 the coset of any finite product of linear- fractionally-induced 
composition operators in C*(C V ,1C) and their adjoints is either the coset of the 
identity operator or has the form [aCe], where a G C and is a linear- fractional, 
non-automorphism self-map of D that satisfies 8(() — ( and 9'(() = <p'(() n for some 
n G Z. Thus, by (|4.3j) and the proof of Lemma \A. 11 the coset of every finite linear 
combination of these products can be written in the form 



(5-8) V r c (/„) [u 9(it 



M 



where M, N G Z, t G (0, 1) U (1, oo), f G C([0, 1]), and /„ G C o ([0, 1]) for n ± 0. 
Recall that \I>f, t ™ = (*c,*)n for alU > and n G Z. 

If A e £(i? 2 (B)) such that [A] has form ([O]) , then p [A]i0 ee / o (0) since /„(0) = 
for n ^ 0. If /o(0) 7^ 0, then Kmlo = 0. Thus, by Corollary 15 .41 the essential 
spectrum of A contains /o(0), Pmi,i(T), and the set of all complex numbers Zq such 
that winding number of P\A],x around zq is defined and non-zero. 

The limit calculations required to fully determine the essential spectrum of A 
are, in general, still very complicated. For the remainder of this section, we restrict 
our attention to the case where M — 0. In this setting, the calculations simplify, 
and we can determine the essential spectrum of A. 

Theorem 5.5. Suppose A is a bounded linear operator on iJ 2 (D) that satisfies 
[A] = En=o T dfn) [tf* Cif n] for some ( G T, t G (0, 1) U (I,oo), N G N U {0}, 
/o G C([0, 1]), and fi,...,f n € Cq([0, 1]). Define the polynomial P\a],i(z) '■— 
~52n=a fn{^)z n ■ Then A is Fredholm if and only if /q does no£ vanish on [0, 1] and 
P[A],i has no zeros in D. Moreover, 

a e (i) = / ([0,l])Up [A]il (D). 

Proof. By Theorem 12.61 A is Fredholm if and only if r x ( [A] ) is invertible for all 
x G [0, 1]. Thus, by Theorem 15.31 and the discussion preceding it, A is Fredholm if 
and only P\a\,o = /o(0) and P[a],i do not vanish on T, K\a],i — K [A],o — 0, and, for 
all x € (0, 1), there exists fio,x > such that u) x ^{[A}) ^ for all fi > [io,x- Since 
pui,i is a polynomial, the conditions that P[a],i does not vanish on T and ftui i = 
are equivalent to the single condition that P[a],i bas no zeros in ID. 

Let x G (0,1) and v, [i € N with v > [i. If = 0, then TxQ-A])" is a 

(2i/+l) x (2v+l) upper triangular matrix having the entries /o ^x* j, fa (x* ' , 

. .., /o (x* ) along its main diagonal. Similarly, t x ([ A]) ^ is a 2(^—^+1) x 2(^ — ^+1) 

upper triangular matrix with the entries fo (x* ^, /o ^x* + ^, . . ., /o fx* ''V 

/o (s^")) /o ^x tf ' +1 ^ , . . . /o (x*") along the main diagonal. Hence, for all x G (0, 1) 
and /! G N, 



Thus, there exists /io,x > such that U) Xtfl ^ for all /i > fj,Q tX if and only if /o does 
not vanish on |x* J : j G z|. 
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Therefore, A is Fredholm if and only if /o(0) ^ 0, P[a].i has no zeros in B, and fo 
does not vanish on (0, 1). Since P[a],i(0) = /o(l), we obtain the stated result. □ 

We conclude this section with a few examples of operators whose essential spectra 
can be calculated by applying Theorem 15.51 

Example 5.6. Let n G N and suppose that <p\ , . . . , ip n are linear-fractional, non- 
automorphism self- maps of U that fix a point ( £ T and satisfy ip[ (^) = ... = 
f'niO = s ^ !■ By (|4.3p and Lemma [4.11 there exist a-y,...,a n G T such that 
[C Vj ] = F c (s-V 2 x a i) [U n ] for all 1 < j < n. 



if a, 



set A 



3 = 1 



Then 



[A]=T C (0) 



so f = and P[a],\{z) = 



J7* 



i=i 




z. Therefore, by Theorem 15. 5[ 



A G C : |A| < s~ 1/2 



Note that the essential spectral radius of A is equal to the lower bound (|3.2[) on 
the essential norm of A from [21]. As a special case of this example, we see that 



^(C„ 1 ) = {AGC:|A|<( (/3 ' 1 (C))- 1/2 } 



Example 5.7. Let C G T, a G T, and ci,C2 G C. Suppose that ^ is a linear- 
fractional, non-automorphism self-map of D that fixes ( and satisfies y'(C) / 1- 
Then, by (|4.3p and Lemma f4. H there exist b G T such that 



[ciC Pc>a + c 2 Cy =F c ( Cl x a ) 



C,¥>'(O 



+ r c (c 2 y{Q)-^x b 



Thus, fo(x) = Cl x a and p [ciC 7 pc a+C2 c ¥J ],i( z ) = c i + ( c 2<y(C)) 1/2 ) «• Hence, by 
Theorem 15.51 

a e (c 1 C PC:a +c 2 C <p ) = {c 1 x a :xe [0,1]}u{agC: |A- Cl | < |c 2 |(^'(C))~ 1/2 } , 

the union of a spiral and a closed disk. 

6. The Structure of C*{T Zl C v )/IC 

As we noted in Section [T] much of the previous work on C*-algebras generated 
by composition operators has considered C*-algebras that include the unilateral 
shift T z as a generator. The following two theorems are important results of this 
type. The inclusion of the unilateral shift as an element of the C*-algebra plays an 
important role in the proofs of both theorems. 

Theorem 6.1. [161 Theorem 2.1] Suppose tp is an automorphism o/B. 

(1) If if has finite order q, i.e. <p q (z) = z for a positive integer q and q is the 
smallest positive integer with this property, then C*(T Z , C v )/K. is isometri- 
cally ^-isomorphic to C(T) xt aV > 7,/qZ. 
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(2) Otherwise, C*(T Z ,C V )/K, is isometrically * -isomorphic to C(T) X a v> Z. 
The action a v ofZ/qZ, respectively Z, on C(T) is defined by af^(f) = f ° ip n /or 
a/Z / G C(T). 

Theorem 6.2. [221 Theorem 4.12] Suppose f is a linear-fractional self-map ofD 
that is not an automorphism ofH and satisfies if(C) = r] for distinct points £, n G T. 
Let V be the C* -subalgebra of C(T) ©M 2 (C([0, 1])) defined by 

V = jo, V) G C(T) © M 2 (C([0, 1])) : 7(0) = 

TTien C*(T z ,Ctp)/IC is isometrically ^-isomorphic to T>. 

In the setting of this paper, we did not need to include the unilateral shift to 
determine the structures of the C*-algebras generated by compact operators and 
composition operators. The exclusion of the unilateral shift allows us to focus on 
the roles of the composition operators in determining the structures of the result- 
ing C*-algebras, but it obscures the connections between the results in the pre- 
ceding sections and those in Theorems 16.11 and 16.21 To clarify these relationships, 
we now include the unilateral shift as a generator and determine the structure of 
C*(T Z ,C V )/]C, where if is a linear-fractional, non-automorphism self-map of ED that 
fixes a point ( e T. When combined with Theorems 16.11 and 16.21 these results 
provide a full characterization of the structures, modulo the ideal of compact op- 
erators, of the C*-algebras generated by T z and a single linear-fractionally-induced 
composition operator. Our methods in this section are similar to those used by 
Kriete, MacCluer, and Moorhouse in [22] and [23] . 

For t > and ( G T, we set 

N C .t = {T c (g) [U 9(itn ] : g G C o ([0, l]),n G Z} . 

Let Aqj be the non-unital C*-algebra generated by iV^ t . By Theorems 12.11 and 14 . 41 
A C1 = C ([0, 1]) and A ct = C o ([0, 1]) X Z for t ^ 1. 

If ip is a linear-fractional, non-automorphism self-map of D that fixes then 

(6.1) C*(T Zl C v )/K = C*([T Z ],N C ^ {Q ) = C*({[T f ] : / G C(T)},A C , V , (0 ) 
by (|4.5|) and the proof of Theorem 14.41 For t > 0, we define 

C c ,t = {[Tf} + [a}: f eC(T),aeA c , t }. 

It is straightforward to show that C^t is closed under addition and adjoints. By 
(j6~T|) . we have that C*(T Z ,C V )/K = C* (C<>'(C))- We want to show that C c ^ (c) 
is a C*-algebra, which would imply that C*(T Z ,C V )/IC = C^^^q. As a first step 
toward this goal, we consider the relations between elements of A^,t and Tocplitz 
operators with continuous symbols. 

Lemma 6.3. If ( G T, t > 0, f G C(T), and [a] G A ct , then 

(6.2) [Tf}[a} = f(0[a] = [a}[T f ], 
Moreover, if \Tf\ + [a] = [0], then f = and [a] = 0. 

Proof. Let / G C(T). By the proof of Theorem 14. 4[ the finite linear combinations 
of elements of N^j form a dense set in «4(,t, so it suffices to show that 

(6.3) [T/]r c ( 9 )[^ Citn ] = /(c)r c (ff)[tf* Citn ] = r c (g)[u nitn ][T f ] 



w(Q 
w(n) 
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for all g £ Co([0, 1]) and n £ Z. By Theorem 12.31 and the definition of I^, we see 
that 

(6-4) [T f ]T c (g) = f(C)T ( (g) = T c (g)[T f ] 

for all functions g £ Co([0, 1]) of the form g[x) = J2iLi c i xai - Since functions of 
this form are dense in Cb([0, 1]), (|6 .4[) and the first equality in (16.3[) hold for all 
5GC ([0,1]). 

In [T5], Jury proved that, for all automorphisms 7 of B, [U 7 ][Tf] = [Tf ^][U 7 ]. 
Hence 

r C (g)\U n , tn ][T f ] = T c {g)[T fo9(itn ][U 9(ttn ] 

= m c M0)Td9)[u* (>tn ] = /(C)r c ( ff )[c/* f , t „] 

by (|6.4p and the fact that ^^j™ fixes C- Thus, the second equality in (|6.3[) holds, 
which proves the first part of the lemma. 

Now suppose that [Tf] + [a] = 0. Then, by (|6.2p and the properties of Toeplitz 
operators with continuous symbols, 

[0] = [Tf]([T f ] + [a]) = [T /2 ] + /(C)[o] = [T p ] - /(OP/] = [T JU _ m) ]. 

Since is compact, /(/ — /(C)) — 0. Hence, for all z £ T, f(z) = or 

/(z) = /(C)- Since / is continuous on T and C £ T, f(z) = /(C) for all z £ T. 
So [Tf] + [a] = [f(C)I] + [a], which is an element of the unitization of A^.t- Since 
[a] £ A ct , \\[f(C)I] + Mil > |/(C)I- Therefore, /(C) = 0, so / = and [a] =0. □ 

As an immediate consequence of Lemma 16. 3[ we see that C£, v '(£) is closed under 
multiplication and is thus a dense *-subalgebra of C*(T Z ,C V )/IC. To show that 
C (iV ,( C ) is a C*-algebra, we set C C (T) = {/ £ C(T) : /(C) = 0} and let B v denote 
the unitization of Cq(T) © •^•Cy'(c)- 

Theorem 6.4. If tp is a linear-fractional, non- automorphism self-map of D that 
fixes C £ T, then C-£,tp>tf) * s a C* -algebra. Moreover, C*(T Z ,C V )/K, = C-£,ip'U), and 
the map Q v : C^, v '<n — > B v , which is defined by 

(6-5) Q v ([T f ] + [a]) = {f- /(C), [a]) + /(C)/ 

for all f £ C(T) and [a] £ Aq^ v >(q, is a ^-isomorphism. 

Proof. The map 9 V is well-defined by Lemma 16.31 Straight-forward calculations 
show that Q v is an injective *-homomorphism and that the image of Cq^i^q under 
Q v is B v , which is a C*-algebra. Hence 9" 1 is an injective *-homomorphism 
of B v into C*(T Z ,C V )/IC. Thus 6" 1 is isometric, and its range is closed. 

Therefore, Cf )¥3 '(f) is a C*-algebra, and the other statements follow immediately. □ 

Corollary 6.5. If p is a parabolic, non- automorphism self-map of 13 that fixes the 
point C £ T, then C*(T Z ,C P )/K. is isometrically ^-isomorphic to the unitization of 
C C (T)©C ([0,1]). 

Corollary 6.6. If tp is linear-fractional, non- automorphism self-map of D that 
fixes the point ( 6 T and satisfies tp'(() ^ 1, then C*(T Z ,C V )/IC is isometrically 
^-isomorphic to the unitization of Cq(T) © (Co([0, 1]) Xpv Z), where the action f3 v 
is defined as in Theorem \4-6\ 
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We note that the unitization of C^(T) © Co([0, 1]) is isometrically ^-isomorphic 
to the C*-subalgebra V v of C(T) © C([0,1]) defined by % = {(w,v) 6 C(T) © 
C([0, 1]) : u>(0 = v (0)}- The details of the proof are straight-forward and are left 
to the reader. Similarly, the C*-algebra in Corollary 16.61 is isomorphic to a C*- 
subalgebra of the direct sum of C(T) and the unitzation of Cq([0, 1]) Z, but 
we omit the details as they do not add significantly to our understanding of the 
structure of the C*-algebra. 

We summarize the results of this section in Table [1] Note that the first result in 
the table follows from the fact that C v is compact if ||v||oo 

< 1. 

Table 1. The Structure of C*(T Z ,C V )/IC for a Linear- Fractional 
Self-map ip of B 



Conditions on ip C*(T Z , C V )/IC is isometrically *-isomorphic to 

IMU < i 

automorphism of D of finite 
order q 

automorphism of ED of infinite 
order 

non-automorphism, </?(£) = C 
for some C £ T, <p'(C) = 1 

non-automorphism, ip(C) = C 
for some ( G T, ip'(() ^ 1 

non-automorphism, ip(C) = V 
for some r\ £ T with C ^ V 



C(T) 

C(T) Z/gZ 
C(T) xi Q <p Z 

the unitization of C C (T) © C* ([0, 1])) 

- {(w,v) e C(T) © C([0, 1]) : W (C) = «(0)} 

the unitization of C C (T) © (C ([0, 1]) Z) 



(ffl,7)6C(T)$M 2 (C([0,l])) 
w(C) 
«)(??) 



7(0) 
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